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Abstract
In this article, we give explicit calculations for the family Floer mirrors of some non-compact Calabi-
Yau surfaces. We compare it with the mirror construction of Gross-Hacking-Keel for suitably chosen log
Calabi-Yau pairs and the rank two cluster varieties of finite type. In particular, the analytification of the
later two gives a partial compactification of the family Floer mirror that we computed.
1 Introduction
The Strominger-Yau-Zaslow (SYZ) conjecture predicts that Calabi-Yau manifolds have the structures of
special Lagrangian fibration and the mirror can be constructed via dual special Lagrangian fibrations. More-
over, the metric receives the instanton corrections from holomorphic discs with boundaries on the special
Lagrangian torus fibres. The conjecture not only gives a geometric way to construct the mirror, it also
gives the intuitive reasoning for mirror symmetry, for instance see [11,30]. The SYZ philosophy becomes the
helpful tool of studying mirror symmetry and many of its implications are proved. However, the difficulty
of the analysis involving the singular special Lagrangian fibration makes the progress toward the original
conjecture relatively slow (see [8, 9, 31] for the recent progress).
To understand the instanton correction rigorously in the mathematical context, Fukaya [14] proposed how
to understand the relation between the instanton correction from holomorphic curves/discs and the mirror
complex structure via the Floer theoretic approach. Kontsevcih-Soibelman [27] and Gross-Siebert [23] later
systematically formulated how the to construct the mirror in various settings from algebraic approaches.
These approaches opened up an window to understand mirror symmetry intrinsically.
In the algebro-geometric approach, Gross-Siebert first constructed an affine manifold with singularities
from the toric degeneration. Then there is a systematic way of constructing the so-called scattering diagrams,
which capture the information of the instanton corrections, on the the affine manifold. The data of the
scattering diagrams encode how to glue the expected local models into the mirror Calabi-Yau manifolds. On
the other hand, family Floer homology proposed by Fukaya [15] lays out the foundation to realize mirror
symmetry via an intrinsic way from symplectic geometry point of view. Given a Lagrangian fibration, the
Fukaya’s trick introduced later in Section 4.1 provides pseudo-isotopies between the A∞ structures of fibres
after compensation of symplectic flux. In particular, the pseudo-isotopies induce canonical isomorphisms of
the corresponding Maurer-Cartan spaces. The family Floer mirror is then be the gluing of the Maurer-Cartan
spaces via these isomorphisms. Not only the family Floer mirror are constructed [1, 39, 40, 41], Abouzaid
proved the family Floer functor induces homological mirror symmetry [2,3]. It is natural to ask if the mirrors
constructed via Gross-Siebert program and the family Floer homology approach coincide or not.
The following is an expected dictionary connecting the two approaches:
1
family Floer SYZ GHK mirror construction
large complex structure limit toric degeneration
base of SYZ fibration
with complex affine structure
dual intersection complex
of the toric degeneration
loci of SYZ fibres bounding holomorphic discs rays in scattering diagram
homology of boundary of a holomorphic disc direction of the ray
exp of generating function
of open Gromov-Witten invariants
of Maslov index zero
wall functions attached to the ray
coefficients of superpotential =
open Gromov-Witten of Maslov index 2 discs
coefficients of theta functions =
counting of broken lines
isomorphisms of Maurer-Cartan spaces
induced by pseudo isotopies
wall crossing transformation
Lemma 4.1 in the article consistency of scattering diagram
family Floer mirror GHK/GHKS mirror
Table 1: Dictionary between the symplectic and algebraic approaches of mirror construction.
However, it is hard to have a good control of all possible discs in a Calabi-Yau manifold due to the
wall-crossing phenomenon. Thus, it is generally hard to write down the family Floer mirror explicitly.
In the examples family Floer mirror computed in the literature, there exists torus symmetries and one
can write down all the possible holomorphic discs explicitly. In particular, the loci of Lagrangian fibres
bounding Maslov index zero discs to not intersect and thus exclude the presence of more complicated bubbling
phenomenon.
In this paper, we engineer some 2-dimensional examples that the family Floer mirrors are explicit and
realize most of the above dictionary step by step. We first prove that the complex affine structures of the
bases of special Lagrangian fibrations coincide with the affine manifolds with singularities constructed in
Gross-Hacking-Keel [19] from some log Calabi-Yau surfaces. See the similar results in [29] for the case of
P2, general del Pezzo surfaces relative smooth anti-canoncial divisors [28] and rational elliptic surfaces [9]
and the case of Fermat hypersurfaces [31]. When the 2-dimensional Calabi-Yau admits a special Lagrangian
fibration, it is well-known that the special Lagrangian torus fibres bounding holomorphic discs supports
along affine lines with respect to the complex affine coordinates. Using the Fukaya’s trick, the second
author identified a version of open Gromov-Witten invariants with tropical discs counting [35, 32], which
lays out a foundation to the connection between family Floer mirror and Gross-Siebert/Gross-Hacking-Keel
mirror. The examples are engineer such that all the wall functions are polynomials. Therefore, there is no
convergence issue in the gluing procedure and the complication reduces to minimal. In particular, the family
Floer mirror has a model over complex numbers. On the other hand, one can compare it with the process
of Gross-Hacking-Keel: we can construct a log Calabi-Yau pair (Y,D) such that the induced affine manifold
with singularity coincides with the complex affine structure of the base of special Lagrangian fibration. Then
we identify the loci of special Lagrangian fibres bounding holomorphic discs with the rays of the canonical
scattering diagram and the corresponding wall-crossing transformations in Gross-Hacking-Keel [19]. The
technical part is to prove that the family Floer mirror has a partial compactification to be the gluing of
rigid analytic tori. Comparing with the calculation of Gross-Hacking-Keel, we the know that the family
Floer mirror has a partial compactification to be the anaytification of the mirror from (Y,D) constructed
in Gross-Hacking-Keel. The miror construction of Gross-Hacking-Keel is a family, which can be viewed as
the complexified Kähler moduli of Y . We further determine the distinguished point that correspond to the
family Floer mirror. The following is a summary of Theorem 5.15, Theorem 6.6 and Theorem 7.4
Theorem 1.1. The analytification of X -cluster variety of type A2 (B2 and G2) or the Gross-Hacking-Keel
mirror of suitable log Calabi-Yau pair (Y,D) is a partial compactification of the family Floer mirror of XII
(XIII and XIV respectively).
2
1.1 Structure
The structure of the paper is arranged as follows: In Section 2, we review the definition of cluster varieties
and the mirror construction in Gross-Hacking-Keel [19] and Gross-Hacking-Keel-Siebert [22]. In Section 3,
we will formulate the surfaces that we are going to compute the family Floer mirror of those. They are
coming from the HyperKähler rotation of the rational elliptic surfaces with singularities.
In Section 4, we review the family Floer mirror construction and the relation between the open Gromov-
Witten invariants. In Section 5, we will compute the family Floer mirror of a non-compact Calabi-Yau surface
XII explicitly in full details. Then we compare it with the analytification of the A2-cluster variety. We will
also compare it with the Gross-Hacking-Keel mirror for a del Pezzo surface of degree five. In particular, the
family Floer mirror of XII can compactified to a del Pezzo surface of degree five via algebra structure of
the theta functions. In Section 6 and Section 7, we will sketch the calculation for the family Floer mirror of
XIII and XIV , pointing out the differences from the case of XII .
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2 Cluster Varieties and GHK Mirrors
2.1 Gross-Hacking-Keel Mirror Construction
For log Calabi-Yau surfaces, Gross-Hacking-Keel [19] showed that the information from holomorphic discs
with boundaries on SYZ fibres near the infinity boundary divisor are enough to construct the mirror. Heuris-
tically, one scales the neighborhood of the infinity or equivalently collides all the singular fibres of the SYZ
fibration into one. As the SYZ fibres moved to infinity, the Maslov index zero holomorphic discs close up to
holomorphic curves with exactly one intersection with the boundary divisor, known as the A1-curves. The
A1-curves tropicalize to rays and the counting of A1-curves will determine the wall functions of the canonical
scattering diagram. In this section, we will review the mirror construction of Gross-Hacking-Keel [19] and
Gross-Hacking-Keel-Siebert [22].
Consider the pair (Y,D), where Y is a smooth projective rational surface, and D = D1 + · · ·+Dn is an
anti-canonical cycle of rational curves. Then X := Y \D is a log Calabi-Yau surface1. The tropicalization
of (Y,D) would be a pair (BGHK,Σ), where BGHK is homeomorphic to R2 and has the structure of integral
affine manifold with singularity at the origin, and Σ is a decomposition of BGHK into cones. The construction
of (BGHK,Σ) starts by associating each node pi,i+1 := Di ∩Di+1 with a rank two lattice Mi,i+1 with basis
vi, vi+1 and the cone σi,i+1 ⊂ Mi,i+1 ⊗Z R generated by vi and vi+1. Then σi,i+1 are glued to σi−1,i along
the rays ρi := R≥vi to obtain a piecewise-linear manifold BGHK and a decomposition
Σ = {σi,i+1|i = 1, . . . , n} ∪ {ρi|i = 1, . . . , n} ∪ {0} ⊆ R2.
Define
Ui = Int(σi−1,i ∪ σi,i+1).
The integral affine structure on BGHK,0 = BGHK \ {0} is defined by the charts
ψ : Ui →MR,
ψi(vi−1) = (1, 0), ψi(vi) = (0, 1), ψi(vi+1) = (−1,−D2i ),
with ψi linear on σi−1,i and σi,i+1. It may worth noting here that at the end of the gluing process, ρn+1
may not agree with ρ1. It would induce a nontrivial affine structure on BGHK,0 when we identify ρn+1 with
1Note that X is denoted as U in [19,22].
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ρ1. We are going to demonstrate the affine structures explicitly in examples in this article. Note that if we
consider three successive rays ρi−1, ρi, ρi+1, there is the relation
ψ(vi−1) +D
2
iψ(vi) + ψ(vi+1) = 0. (1)
Consider a toric monoid P . A toric monoid P is a commutative monoid whose Grothendieck group P gp
is a finitely generated free abelian group and P = P gp∩σP , where σP ⊆ P gp⊗ZR = P gpR is a convex rational
polyhedral cone. We will assume that P comes with a homomorphism η : NE(Y )→ P of monoids. In later
discussion, we will in particular choose P = NE(Y ) and η to be the identity.
Next we define a mutli-valued Σ-piecewise linear function as a continuous function ϕ : |Σ| → P gpR such
that for each σi,i+1 ∈ Σmax, ϕi = ϕ|σi,i+1 is given by an element ϕσi,i+1 ∈ HomZ(M,P gp) = N ⊗Z P gp. For
each codimension cone cone ρ = R+vi ∈ Σ contained in two maximal cones σi−1,i and σi,i+1, we have
ϕi+1 − ϕi = nρ ⊗ [Di] (2)
where nρ ∈ N is the unique primitive element annihilating ρ and positive on σi,i+1. Such data {ϕi} gives a
local system P on BGHK,0 with the structure of P gpR -principal bundle π : P0 → BGHK,0. To determine such a






(x, p) 7→ (x, p+ ϕi+1(x)− ϕi(x)) .
The local sections x 7→ (x, ϕi(x)) patch to give a piecewise linear section ϕ : BGHK,0 → P0. Let ΛB denote
the sheaf of integral constant vector fields, and ΛB,R := ΛB ⊗Z R. We can then define
P := π∗ΛB,P0 ∼= ϕ−1ΛB,P0
on BGHK,0. There is an exact sequence
0→ P gp → P r−→ ΛB → 0 (3)
of local systems on BGHK,0, where r is the derivative of π. Then (2) is equivalent to
ϕi(vi−1) + ϕi(vi+1) = [Di]−D2iϕi(vi), (4)
which is the lifting of (1) to P. We will describe the symplectic meaning of P , P gp, and P in Section 5.2,
particularly see (43).
Next one would define the canonical scattering diagram Dcan on (BGHK,Σ). We will first state the
definition of scattering diagram as in [22] and then restrict to the finite case in this article. A ray in Dcan
is a pair (d, fd) where
• d ⊂ σi,i+1 for some i, called the support of a ray, is a ray generated by avi + bvi+1 6= 0, a, b ∈ Z≥0;











2 ck in the maximal ideal m ⊆ k[P ] .






where the summation is over all possible classes β ∈ H2(Y,Z) with incidence relation β.Di = ak, β.Di+1 = bk
and β.Dj = 0, for j 6= i, i+ 1. The coefficient Nβ is the counting of A1-curves in such class β. We will refer
the readers to [19, Section 3] for technical details of the definition of the relative Gromov-Witten invariants.
Roughly speaking, a scattering diagram for the data (BGHK,Σ) is a set Dcan = {(d, fd)} such that there
are only finitely many fd 6= 1. Note that scattering diagrams may give a refinement to the original fan
structure given by Σ. We will call the maximal cones of this refinement as chambers.
2At first glance, it looks like there is a sign change comparing with the wall functions of the scattering diagram from Floer
theory in Definition 4.3. However, such discrepancy is explained in the discussion after Lemma 5.14
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The scattering diagram will lead to a flat family over SpecAI , where AI = k[P ]/I and I ⊆ k[P ] is any
monomial ideal with k[P ]/I is Artinian. Now consider each ρi as the support of a ray (ρi, fi) in Dcan. Define
Ri,I := AI [Xi−1, X
±1










where z[Di] is the monomial in k[P ] corresponding to the class of [Di]. Let
Ui,I := SpecRi,I and Ui,i+1,I = SpecRi−1,i,I .
Notice that if the fibre of Ui,i+1,I → SpecAI over a point is a torus G2m. Then the fibre of Ui,I → SpecAI
over a closed point is the partial compactifiaction of graph of the birational map
Ui−i,i,I 99K Ui,i+1,I
(Xi−1, Xi) 7→ (X−1i+1z
[Di]X
−D2i
i fi, Xi). (5)
In particular, the the fibre of Ui,I → SpecAI is the graph of (5) up to codimension two if V (fi) 6= ∅. One




To obtain a better behaved X◦I , one needs to consider an automorphism Ri,i+1,I , called the path ordered
product, associated to a path γ : [0, 1]→ Int(σi,i+1). Suppose γ crosses a given ray (d = R≥0(avi + bvi+1), fd).









where the sign ± is positive if γ goes from σi−1,i to σi,i+1 when passing through d; it is negative if γ goes in
the opposite direction and one can see this is the same as the wall crossing transformation stated in (12). If
γ passes through more than one ray, one can define the path ordered product as composing each individual
path ordered product of each ray in the order according to the order of rays the γ passes. Choosing a path
γ by starting very close to ρi and ending near ρi+1 in σi,i+1, then γ would pass all the rays in σi,i+1. Then
define X◦I,D =
∐
i Ui,I/ ∼ with the gluing given by
Ui,I ←↩ Ui,i+1,I
θγ,D−−−→ Ui,i+1,I ↪→ Ui+1,I .
The following observation is important later for the comparison between the Gross-Hacking-Keel mirror with
the family Floer mirror in the examples consider in this paper.
Remark 2.1. When there are only finitely many rays d with nontrivial fd and I = m, one can replace
(Y,D) be a minimal resolution such that all the A1-curves are toric transverse. The procedure replaces Σ by
the refinement given by the original canonical scattering diagram and the integral affine manifold BGHK is
remained the same. Then X◦I,D is gluing of tori, one corresponds to a chamber.
The next step in [19, 22] is considering the broken lines to define consistency and to construct the theta
functions. Since we will focus on the finite type in this paper, we can make use of path-ordered product
directly without the use of broken lines. Instead, to define consistency, we can extend the definition of path
ordered product to the path γ : [0, 1]→ B0(Z) with starting point q, and end point Q, where q and Q do not
lie on any ray. Then the path ordered product θγ,D can be defined similarly by composing θγ,d’s of the walls
d passed by γ. Then the canonical scattering diagram D is consistent in the sense that the path ordered
product θγ,D only depends on the two end points q and Q.
For a point q ∈ B0(Z), let us assume q = avi−1 + bvi ∈ σi−1,i and associate the monomial Xai−1Xbi
to q. Consider now another point Q ∈ σi,i+1 \
⋃
d∈Dlim Suppd and a path γ from σi−1,i to σi,i+1. We








Xbi . Note that the variables in Ri−1,i,I are Xi−1, Xi while the
variables in Ri,i+1,I are Xi, Xi+1. The change of variables are described the gluing from Ri,I . We will do
similarly if the γ goes in the opposite direction. Further if q,Q ∈ B0(Z) not in adjacent chambers, we can
consider a path γ from q to Q and define ϑq,Q by composing the changes of variables from the order of the
chambers of how γ runs around D. This is well-defined since we have assumed our scattering diagram D
is consistent. We will define ϑ0,Q = ϑ0 = 1. Thus the ϑq,Q for various Q can be glued to give the global








Gross-Hacking-Keel-Kontsevich [21] constructed the cluster scattering diagrams and showed that the cluster
monomials can be expressed as theta functions defined on the cluster scattering diagrams. The collections
of the theta functions form the bases to the (middle) cluster algebras defined by Fomin-Zelevinsky [12].
One can perform the similar construction as in the Gross-Hacking-Keel mirror construction by associating
each chamber in the cluster scattering diagram with an algebraic torus G2m. The path-ordered products
(wall crossings) give the birational maps between the tori. The Aprin-cluster varieties are then defined as the
schemes (up to codimension 2) obtained from gluing the tori associated to the chambers by the birational
maps. The X -cluster varieties can be described as quotient of the Aprin-varieties by torus action.
Note that the underlying affine manifolds of the cluster scattering diagrams do not carry any monodromy
which are not exactly the same as canonical scattering diagrams. The cluster scattering diagrams can be
seen as pushing the singularities of the affine structures of B of canonical scattering diagrams to infinity as
explained in [7]. We will illustrate how to choose branch cut and decompose the monodromy of B in Section
5.3. Then we can translate from the canonical scattering diagrams to the cluster scattering diagrams. The
resulting schemes, no matter described by the canonical or the cluster scattering diagrams, are determined
(up to codimension 2) by the algebras generated by the set of theta functions. We are going to see the cases
in this articles are all associated to cluster algebras.






d1, d2 ∈ N. Given fixed data, we can define the A (and X ) cluster varieties such that the rings of regular
functions carry the A (and X ) cluster structures respectively. Gross-Hacking-Keel-Kontsevich [21] showed
that the middle A and X cluster algebras can be constructed from the theta functions of the corresponding
schemes. Relations between the generators ϑi in the cluster complex of the (middle) X cluster algebras can
be expressed as
ϑi−1 · ϑi+1 =
{
(1 + ϑi)
d1 , if i is odd
(1 + ϑi)
d2 , if i is even,
(6)
where i ∈ Z. Conversely, given such relations between the variables, we can determine the algebras.
3 Set-Up of the Geometry
Consider Y ′ an extremal rational elliptic surface with singular configuration one of the following: II∗II,
III∗III, IV ∗IV , I∗0 I
∗
0 . We will denote Y
′ = Y ′∗ , where ∗ = II, III or IV be the fibre over zero. These
rational elliptic surfaces can be constructed explicitly.
We will first consider the case Y ′ = Y ′II is the unique rational elliptic surface with singular configuration
II∗II. The surface Y ′ can be constructed as the minimal resolution of the surface
{ty2z = tx3 + atxz2 + uz3} ⊆ P2(x,y,z) × P
1
(u,t). (7)
By the Tate algorithm [38], Y ′ is an elliptic surface with a type II∗ singular fibre over u = ∞. Straight-
forward calculation shows that Y ′ has singular configuration II∗I21 if a 6= 0 and II∗II if a = 0. By the
Calstelnuovo’s criterion of rationality, Y ′ is rational and thus an rational elliptic surface. The other extremal
rational elliptic surfaces can be constructed in a similar way with the corresponding affine equations below
[36, p.545]:
y2 = x4 + u
y2 = x3 + t2s4
y2 = x3 + at2s2x+ bt3s4.
It seems to the authors that the above examples are closely related to the geometry from SU(2) gauge theory
studied in [17].
3We follow the definition of fixed data as in [20]
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Recall that any rational elliptic surface Y ′ has canonical bundle KY ′ = OY ′(−D′), where D′ denotes
an elliptic fibre. Thus, there exits a meromorphic 2-form Ω′ with simple pole along a designate fibre which
is unique up to a C∗-scaling. In particular, the non-compact surface X ′ = Y ′\D′ can be viewed as a log
Calabi-Yau surface. Indeed,
Theorem 3.1. [25] There exists a Ricci-flat metric ω′ on X ′ for any choice of the fibre D′. In particular,
2ω′2 = Ω′ ∧ Ω̄′ and X ′ is hyperKähler.
Consider D′∗ to be the infinity fibre in Y
′




∗\D′∗ by X = X∗.
Explicitly, X∗ has the same underlying space as X
′
∗ and equipped with Kähler form and holomorphic volume
form
ω = ReΩ′
Ω = ImΩ′ + iω′ (8)
on the underlying space of X ′∗. Then the elliptic fibration X
′
∗ → C implies the special Lagrangian fibration
X∗ → B, where B ∼= R2 [24] (see the diagram below) topologically. We will refer the readers to [8, P.35]
for more explicit calculation of hyperKähler (HK) rotation. We will omit the subindex when there is no
confusion.
Y ′ X ′ = Y ′ \D′ X
P1 B ∼= C B ∼= R2
HK
The fibrewise relative homology H2(X,Lu) glues to a local system of lattice over B0. For any relative





be a function from the local system Γ to C. Notice that B0 ∼= C∗ admits a complex structure structure and
Zγ is locally
4 a holomorphic function in u by Corollary 2.8 [33]. The central charge will help to locate the
special Lagrangian torus fibre bounding holomorphic discs in Section 4.2.
3.1 Affine Structures of the Base
Let (X,ω) be a Kähler surface with holomorphic volume form Ω satisfying 2ω2 = Ω ∧ Ω̄. Assume that X
admits a special Lagrangian fibration X → B possibly with singular fibres with respect to (ω,Ω). We will
use Lu to denote the fibre over u ∈ B. Let B0 be the complement of the discriminant locus. There are two
natural integral affine structures defined on B0 by Hitchin [26], one is called the symplectic affine structure
and the other one is the complex affine structure. Given a reference point u0 ∈ B0 and a choice of the
basis ě1, ě2 ∈ H1(Lu0 ,Z), we will define the local affine coordinates around u0. For any u ∈ B0 in a small
neighborhood of u0, one choose a path φ contained in B0 connecting u, u0. Let Ck to be the S
1-fibration
over φ such that the fibres are in the homology class of parallel transport of ěk. Then the local symplectic





It is straight-forward to check that the transition functions fall in GL(2,Z) o R2, and thus the above
coordinates give an integral affine structure.
Remark 3.2. From the construction, primitive classes ě ∈ H1(Lu,Z) are one-to-one correspond to the
primitive integral vectors in TuB0. Indeed, each v ∈ TuB0 has a corresponding functional
∫
− ιvImΩ on
H1(Lu,Z) and thus correspond to a primitive element in H1(Lu,Z) via its natural symplectic pairing and
Poincare duality.
4Since there is monodromy, it is a multi-value function on B0
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If there is a global Lagrangian section, then the transition functions fall in GL(2,Z). One can replace ω
in (9) by ImΩ, then one gets the complex integral affine coordinates x̌k(u).
We will use both integral affine structures later: the complex affine structures will be used to locate the
fibres bounding holomorphic discs (see Section 4.2) while the symplectic affine structures will be used to
define the family Floer mirrors (see Section 4.3).
4 Floer Theory and Family Floer Mirror
In this section, we will talk about the background for the explicit calculation of the family Floer mirror in
Section 5. We will review the construction of family Floer mirror of Tu [39] in Section 4.3. Recall that
given a Lagrangian torus fibration X → B with fibre Lu over u ∈ B. Then Fukaya-Oh-Ohta-Ono [16]
constructed an A∞ on de Rham cohomologies of the fibres. Assume that the fibres are unobstructed, then
the exponential of the corresponding Maurer-Cartan spaces are the analgue of the dual tori for the original
Lagrangian fibration. Then the family Floer mirror are gluing of these exponential of Maurer-Cartan spaces.
The gluing morphisms, known as the ”quantum correction” to the mirror complex structure, are induced by
the wall-crossing of the Maurer-Cartan spaces. Such wall-crossing phenomenons receive contributed from the
holomoprhic discs of Maslov index zero with boundaries on SYZ fibres. We review the relation of the open
Gromov-Witten invariants with the gluing morphisms in Section 4.1. To further have better understanding
of the gluing morphisms, in Section 4.2 we studied the location of all possible holomorphic discs of Maslov
index zero for the geometry discussed in Section 3, taking advantage of the special Lagrangina boundary
conditions.
4.1 Fukaya’s Trick and Open Gromov-Witten Invariants
We will first review the so-called Fukaya’s trick, which is a procedure to compare the variation of the A∞
structures of a Lagrangian and those of its nearby deformations.







∣∣∣∣∣ λi ∈ R, limi→∞λi =∞, ci ∈ C
}
.
Denote its maximal ideal by Λ+ and Λ
∗ = Λ\{0}. There is a natural discrete valuation




where i0 is the smallest i with λi 6= 0. One can extend the domain of val to Λ by setting val(0) =∞.
Let B0 be the complement of the discriminant locus of the special Lagrangian fibration and Lu be the
fibre over u ∈ B0. Given a relative class γ ∈ H2(X,Lu), we use Mγ((X, J), Lu) to denote the moduli space
of stable J-holomorphic discs in relative class γ with respect to the (almost) complex structure J . We may
omit the J if there is no confusion. Fukaya-Oh-Ohta-Ono [16] constructed a filtered unital A∞ structure
{mk}k≥0 on H∗(Lu,Λ) by considering the boundary relations ofMγ((X,L), Lu), for all γ ∈ H2(X,Lu). We
will assume that there exists only Maslov index zero discs in X. Due to the dimension reason, the moduli
space Mγ((X, J), Lu) has virtual dimension negative one. In particular, the Maurer-Cartan space associate
to the A∞ structure is simply H
1(Lu,Λ+).
Now we explain the so-called Fukaya’s trick. Given p ∈ B0 and a path φ contained in a small neighborhood
of p such that φ(0) = u−, φ(1) = u+. One can choose a 1-parameter family of paths φs(t) such that φs(t) is








Figure 1: Fukaya’s trick
Then there exists a 2-paramter family of fibrewise preserving diffeomorphisms fs,t such that
1. fs,1 = id.
2. fs,t sends Lφs(t) to Lp.
3. fs,t is an identity outside a compact subset of B0.
Then Jt = (f1,t)∗J is a 1-parameter family of almost complex structures tamed with respect to ω since φ
is contained in a small enough neighborhood of p. There is a canonical isomorphism of moduli spaces of
holomorphic discs





which carries over to the identification of the Kuranishi structures. However, the two sides of (10) give the
A∞ structures on are not the same under the parallel transport H
∗(Lφ(t),Λ) ∼= H∗(Lp,Λ) because of the















where ei ∈ H1(Lp,Z) is an integral basis.
From the 1-parameter family of almost complex structures Jt, one can construct a pseudo-isotopy of
unital A∞ structures on H
∗(Lp,Λ), connecting the A∞ structures on H
∗(Lp,Λ)from u±. This induces a
pseudo-isotopy of the A∞ structures from H
∗(Lp,Λ) to itself. In particular, this induces an isomorphism on
the corresponding Maurer-Cartan spaces, which isomorphic to H1(Lp,Λ+) due to the dimension reason,
Φ : H1(Lp,Λ+)→ H1(Lp,Λ+), (11)
a priori is not identity if Lφ(t) bounds holomorphic discs of Maslov index zero for some t ∈ [0, 1] [16]. The
follow lemma states that Φ only depends on the homotopy class of the path φ.
Lemma 4.1. [39, Theorem 2.7] Φ ≡ 1 (mod Λ+) and Φ only depends on the homotopy class of φ assuming
no appearance of negative Maslov index discs in the homotopy. In particular, if φ is a contractible loop, then
the corresponding Φ = 1 (before modulo Λ+).
The explicit form of Φ can be computed in the case of hyperKähler surfaces with assumptions and one
can see that Φ acts like wall crossing in the Gross-Siebert program in the theorem below.
Theorem 4.2. (Theorem 6.15 [35]) Assuming that there is only one primitive relative class γ such that
Lφ(t) bound holomorphic discs of class γ. Suppose that ArgZγ(u−) < ArgZγ(u+) (Check Remark 5.4 for the







for some power series fγ(u) ∈ 1 +Tω(γ)z∂γR[[Tω(γ)z∂γ ]]. Here 〈γ′, γ〉 denotes the intersection pairing of the
corresponding boundary classes in the torus fibre.
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The coefficients of log fγ(u) have enumerative meanings: counting of the Maslov index zero discs bounded
by the 1-parameter family of Lagrangians [32] or counting of rational curves with certain tangency conditions
[18]. This motivates the following definition.
Definition 4.3. Given u ∈ B0 and γ ∈ H2(X,Lu) primitive such that Mkγ(X,Lu) 6= ∅ for some k. The





Then BPS rays are defined to be the support of loci with non-trivial open Gromov-Witten invariants of
the same homology classes (up to parallel transport).
Definition 4.4. Given u ∈ B0 and a relative class γ ∈ H2(X,Lu), then the associated BPS ray is defined
(locally) to be
lγ := {u′ ∈ B0 | Ω̃(γ;u′) 6= 0 and Zγ(u′) ∈ R+}.
Remark 4.5. Since special Lagrangians have vanishing Maslov classes, all the special Lagrangian torus
fibres only bound Maslov index zero discs and the assumption of the Lemma 4.1 holds. In general, it is hard
to control all the bubbling of pseudo-holomorphic discs (of Maslov index zero) and complicated to compute
Φ. However, when the Lagrangian fibration is further special, the loci of special Lagrangian fibres bounding
holomoprhic discs of a fixed relative class falls in an affine line with respect to the complex affine structure.
Indeed, if ut be a path in B0 such that each Lut bounds a holomorphic disc in class γ (we identify the relative
classes via parallel transport along the path ut) for every t, then
∫
γ
ImΩ = 0 along ut. In particular, lγ
is affine line with respect to the complex affine structure. Notice that lγ is naturally oriented such that the
symplectic area of γ is increasing along lγ . From the expected dictionary in the introduction, these affine
lines correspond to the rays in the scattering diagrams and the Lemma 4.1 translates to the consistency of
scattering diagrams.
To compute the open Gromov-Witten invariants on X, we first recall the following fact: Given a rational




Y ′t rational elliptic surfaces with only type I1 singular fibres except D
′
t. The following theorem explains how
to compute the local open Gromov-Witten invariants near a general singular fibre other than those of type
I1. We will denote Xt to be the hyperKähler rotation of Y
′
t \D′t with relation similar to (8). Then Xt → Bt
be a 1-parameter family of hyperKähler surfaces with special Lagrangian fibration and X0 = X. We will
identify Bt ∼= B0 = B topologically.
Theorem 4.6. [34, Theorem 4.3] Given any u ∈ B0, γ ∈ H2(X,Lu), then there exists t0 and a neighborhood
U ⊆ B0 of u such that
1. If Ω̃(γ;u) = 0, then Ω̃(γ;u′) = 0 for u′ ∈ U .
2. If Ω̃(γ;u) 6= 0, then ltγ ∩ U 6= ∅ and
Ω̃t(γ;u
′) = Ω̃(γ;u),
for u′ ∈ ltγ ∩ U and t with |t| < t0.
Here Ω̃t(γ;u) denotes the open Gromov-Witten invariant of Xt.
For instance, in the case for the singular configuration of Y ′ is II∗II, then the BPS rays of Xt would






Figure 2: BPS rays on Bt for the case discussed in Section 5
4.2 Location of BPS Rays
In this section, we will restrict to the the case Y ′ has exactly two singular fibres at 0,∞ and the monodromy
of the singular fibre is of finite order. The examples listed in Section 3 are exactly those possible Y ′. We
will show that the BPS rays divide the base into chambers which are one-to-one correspondence to the
torus charts of the family Floer mirror later. In particular, the following observation simplifies the explicit
computation of family Floer mirror.
Lemma 4.7. Let γ be one of the relative classes in Theorem 5.1. Then lγi does not intersect each other. In
particular, B0 is divided into chambers by lγi .
Proof. Let v ∈ TB and recall that one has vZγ =
∫
∂γ
ιṽΩ, where ṽ is a lifting of v, by direct computation.
Together with Ω is holomorphic symplectic, Zγ has no critical point in B0. Let lγ be a BPS ray, then by
definition the holomorphic function Zγ has phase 0 along lγ . Now take v to be the tangent of lγ at u ∈ lγ
pointing away from the origin. Therefore, vZγ(u) 6= 0. Otherwise, u is a critical point of Zγ and contracdicts
to the fact that Ω is holomorphic symplectic. In other words, the function |Zγ | is strictly increasing along
lγ .
Next we claim that lγ can not wrap inside a compact set. Otherwise, there exists a sequence of points ui ∈
lγ converging to some point u∞ ∈ B0. Since the monodromy is finite, there are only finitely possibly relative
classes among γui with respect to the trivialization of the local system H2(X,Lu) in a small neighborhood of
u∞. After passing to a subsequence, one has limi→∞ Zγ(ui) = Zγ(u∞). If u∞ ∈ B0, then lγ can be extended
over u∞ and leads to a contradiction. Therefore, lγ connects 0 and ∞. Then from the asymptotic geometry
near infinity, one has |Zγ | ↗ ∞ along lγ .
Notice that the above argument holds for lθγ , where l
θ
γ is the loci where Zγ has phase θ ∈ S1. This
implies that |Zγ(u)| as u → ∞. Recall that Zγ(u) is a multi-valued holomorphic function on B0 ∼= C∗.
Since π1(B0) ∼= Z and the monodromy is of order k, we have Zγ(uk) is a well-defined holomorphic function
C∗ → C∗. By straight-forward calculation one has limu→0 Zγ(uk) = 0 and thus u = 0 is a removable
singularity. The previous discussion implies that ∞ is a pole and the holomorphic function Zγ(uk) extends
to P1 → P1 and fixing 0,∞. Thus, we reach that
Zγ(u
k) = cu, (13)
for some constant c ∈ C∗ and the lemma follows.
Remark 4.8. Let Yt be a small deformation of Y such that Yt has a fibre isomorphic to D and all other
singular fibres are of type I1, then Lemma 4.7 still holds.
Remark 4.9. Let Y be the del Pezzo surface of degree five and D be an anti-canonical divisor consists of
a wheel of five rational curves. Set X = Y \D. It is known that X is the moduli space of flat connections
on punctured sphere. There exists a hyperKḧlaer metric on it such that suitable hyperKḧler rotation becomes
some meromorphic Hitchin moduli space, which is X ′, the complement of the II∗ fibre of the rational elliptic
surface Y ′ with singular configuration II∗II. It is not clear if the holomorphic volume form Ω′ on X ′ extends
as a meromorphic form with a simple pole along the II∗ fibre. However, the Hitchin metric is exponentially
asymptotic to the semi-flat metric at infinity [13], the proof of Lemma 4.7 also applies to this case.
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4.3 Construction of the Family Floer Mirror
We will briefly recall the construction of family Floer mirror constructed by Tu [39] in this section. We will
refer the details of the analytic geometry to [10].
Definition 4.10. Let U ′ ⊆ B0 be an open set and ψ : U ′ → Rn be the affine coordinate. Then U =
ψ−1(P ) ⊆ U ′ for some rational convex polytope P ⊆ Rn is called a rational domain. The Tate algebra TU




1 · · · zknn ,
where k = (k1, · · · , kn) with the following conditions:
1. ak ∈ Λ the Novikov field and
2. (convergence in T -adic topology)
lim
k→∞
val(ak) + 〈k,x〉 → ∞, (14)
as k→∞, for each x = (x1, · · · , xn) ∈ U .
Take a contractible open cover {Ui}i∈I of B0. For each φi : Ui → Rn, we take the maximum spectrum
of the associated Tate algebra Ui := Spec(TUi) which is called an affinoid domain. For each pair i, j with
Ui ∩ Uj 6= ∅, there is a natural gluing data
Ψij : Ui → Uj ,
which now we will explain below: Let (xi1, · · · , xin) be the local symplectic affine coordinates on Ui. The
corresponding functions in TUi are denoted by (z
i
1, · · · , zin), where val(zik) = xik. Choose p ∈ Ui ∩ Uj and
fui,p fibrewise preserving diffeomorphism sending Lui to Lp and is identity outside Ui. The difference of















Denote TUi,p the Tate algebra satisfying the convergence in T -adic topology (14) on the rational domain
φi(Ui)− φi(p) and Ui,p as its spectrum. Then there is the transition map
Sui,p : Ui → Ui,p
zik 7→ T xk(ui)−xk(p)zik. (15)





where Φij is defined in (11). The gluing data Ψij satisfies (Section 4.9 [39])
1. Independent of the choice of reference point p ∈ Ui ∩ Uj .
2. Ψij = Ψji and ΨijΨjk = Ψik.
3. For p ∈ Ui ∩ Uj ∩ Uk, we have Ψij(Uij ∩ Uik) ⊆ Uji ∩ Ujk.





where ∼ is defined by (16). The natural projection map TU → U from the valuation glue together and gives
the family Floer mirror a projection map
Trop : X̌ → B0.
The following example is straight forward from the construction.
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Example 4.11. Recall that the rigid analytic torus (Ganm )2 admits a valuation map Trop : (Ganm )2 → R.
Let π : X → U be a Lagrangian fibration such that for any path φ connecting ui, uj ∈ U , the corresponding
Fφ = id. Assume that the symplectic affine coordinates give an embedding U → R2 and we will simply
identify U with its image. Then the gluing
Ψij : Uij → Uji
zik 7→ T xk(ui)−xk(uj)z
j
k,
is simply translation from equation (16). Thus the corresponding family mirror X̌ is simply Trop−1(U)→ U .
In particular, when U ∼= R2, then the family Floer mirror is simply the rigid analytic torus (Ganm )n . It worth
noticing that if U ⊆ R2 is a proper subset, then Trop−1(U) is not a dense subset of (Ganm )2.
5 Family Floer Mirror of XII
In this section, we will have a detailed computation of the family Floer mirror of X = XII from the extremal
rational elliptic surface Y ′II with singular configuration II
∗II and II∗ at infinity. We sketch the proof below:
We will first identify the locus of special Lagrangian fibres bounding holomorphic discs to be simply five
rays lγi connecting 0,∞. Then we compute their corresponding wall-crossing transformations which are
analytification of some birational maps. Thus, the family Floer mirror X̌ can be glue from five charts. Then
we will prove that the embedding of each of the five charts into X̌ can be extended to an embedding of the
analytic torus Ganm into X̌. In other words, X̌ is gluing five analytic torus. On the other hand, consider the
del Pezzo surface Y of degree 5 and D be the cycle of five rational curves. Let BGHK be the affine manifold
with the singularity constructed in Section 2.1 after choosing suitable branch cut. We identify the complex
affine structure on B with the one on BGHK, the rays and the corresponding wall-crossing transformations.
Then from [19, Example 3.7], we know that X̌ is the analytification of the del Pezzo surface of degree five.
Furthermore, we would choose the branch cuts on B in a different way. This would induce another realization
of X̌ as gluing to five tori but with different gluing morphisms, which we will later identify X̌ as the X -cluster
variety of type A2.
First we apply Theorem 4.6 to the 1-parameter family of hyperKähler rotation of the rational elliptic
surfaces described in Section 3, one get
Theorem 5.1. [34, Theorem 4.11] Choose a branch cut from the singularity to infinity and a basis {γ′1, γ′2}
of H2(X,Lu) ∼= Z2 such that 〈γ′1, γ′2〉 = 1 and the counter-clockwise monodromy M around the singularity is
γ′1 7→ −γ′2
γ′2 7→ γ′1 + γ′2 (18)
with respect to the basis. Set
γ1 = −γ′1, γ2 = γ′2, γ3 = γ′1 + γ′2, γ4 = γ′1, γ5 = −γ′2.
Then
1. fγ(u) 6= 1 if and only if u ∈ lγi and γ = γi for some i = 1, · · · , 5 .
2. In such cases, fγi = 1 + T
ω(γi)z∂γi .






Figure 3: BPS rays near the singularity.
Straight-forward calculation shows that
γi+2 = −γi + γi+1, (19)
which is the analogue of (1).
Next we claim that above five families of discs are the only contributing to the construction of the family
Floer mirror.
Corollary 5.2. If Ω̃(γ;u) 6= 0, then u ∈ lγi , γ = γi for some i and Ω̃(γ;u) =
(−1)d−1
d2 , where d is the
divisibility of γ.
Proof. This is a direct consequence of the split attractor flow mechanism of the open Gromov-Witten invari-
ants Ω̃(γ;u) (see [35, Theorem 6.32]). We will sketch the proof here for self-containednes. Let lγ be a ray
emanating from u such ωγ is decreasing along lγ . From Gromov compactness theorem, the loci where Ω̃(γ)
jumps are discrete. Assume that Ω̃(γ) is invariant along lγ , then the holomorphic disc representing γ can
fall into a tubular constant C by [8, Proposition 5.3]. Then by Lemma 5.1, γ = γi for some i. Otherwise,
assume u1 is the first point where Ω̃(γ) jumps. Apply Lemma 4.1 to a small loop around u1, there exists γα,
α ∈ A such that Ω̃(γα;u1) 6= 0 and γ =
∑
α∈A γα. In particular, ω(γα) < ω(γ). One may replace (γ, u) by
(γα, u1) and run the procedure. Again by Gromov compactness theorem, after finitely many splittings, all
the relative classes are among {γi}i=1,···5. To sum up, there exists a rooted tree T and a continuous map f
such that the root maps to u, each edge is mapped to an affine line segment and all the 1-valent vertex are
mapped to 0. Since lγis do not intersect by Lemma 4.7, the lemma follows.
Lemma 5.3. The composition of the wall-crossing transformations cancel out the monodromy. Explicitly,
Kγ5Kγ4Kγ3Kγ2Kγ1(zγ) = zM
−1γ .




2 ∈ H1(Lp,Z), where p ∈ B0
is a reference point, and a loop from lγ1 anticlockwise to itself:
We will first compute the case without any singularities. This is very standard from [18]. We are only


















Remark 5.4. Before we go into the calculation, let us unfold the sign convention in Theorem 4.2. To
determine the sign, we have the condition ArgZγ(u−) < ArgZγ(u+). This means that the loop δ is going in
anti-clockwise direction.
In the calculation of the exponents, we consider γ 7→ 〈·, γ〉. Note that 〈·, ·〉 is the intersection pairing but
not the usual inner product. Together with 〈γ′1, γ′2〉 = 1, we have 〈·, γ〉 is the normal of lγ pointing in the
same direction as δ in the language of [18].
Let us consider the transformation Kδ = Kδ,lγ1Kδ,lγ5Kδ,lγ4Kδ,lγ3Kδ,lγ2 , where Kδ,lγk = Kγk for k = 1, 2, 3;
Kδ,lγk+3 = Kγk for k = 1, 2.
To simplify the notation, we will denote
Kδ,lγk7−−−−→ for the wall crossing over the wall lγk according to the
curve δ.
za
Kδ,lγ27−−−−→ za(1 + zγ
′
2)a1 ,







































































= za(1 + zγ
′
1)−a2 ,






Thus we obtain the consistency as usual. Next we investigate the wall crossing transformation over the







Let us consider the wall crossing Kβ = Kβ,2Kβ,1 over the curve β, where Kβ,1 = Kγ′2 , and Kβ,2 = K−γ′2 .
The first wall crossing will lead us to
Kβ,1(za) = za(1 + zγ
′
2)a1 .
Then passing over the wall again by using β will get us














2 goes back to za, we have the monodromy M2
γ′1 7→ γ′1 − γ′2, (20)
γ′2 7→ γ′2. (21)










Consider the transformation according to the loop α. Let Kα,1 = Kγ′1 , and Kα,2 = K−γ′1 . We have
Kα,1(za) = za(1 + zγ
′
1)−a2 .
Then the whole loop α leads us to










Then we obtain the monodromy M1
γ′1 7→ γ′1, (22)
γ′2 7→ γ′1 + γ′2. (23)
Thus, we can compute the monodromy while singularity is at the origin. There are two ways checking





















The first three wall crossings are the same and let us recap here:
Kδ,lγ4Kδ,lγ3Kδ,lγ2 (z










































The monodromy M would then be
γ′1 7→ −γ′2;











































−1γ′ , where M is transformation γ′ 7→ γ′ + 〈γ, γ′〉γ.
Note that if γ is primitive, then M is the Picard-Lefschetz transformation of a focus-focus singularity
with Lefschetz thimble γ. Recall that if 〈γ′, γ〉 = 1, then the pentagon equation reads
KγKγ′ = Kγ′Kγ+γ′Kγ . (24)























1 γ = z(M1M2)
−1γ
and the lemma follows from the fact that M = M1M2. Notice the the proof is motivated by deforming the
type II singular fibre into two I1 singular fibres as in Figure 4. However, the proof does NOT depend on

















Figure 4: Geometric interpretation of Lemma 5.3.
Remark 5.6. It worth noticing that the above calculation a priori may be different from the composition of
wall-crossing for the A2 cluster variety for two reasons. The first difference comes from the appearance of
the monodromy at the origin while there is no such in the cluster scattering diagram. We will explain the
identification in Section 5.3. The second difference comes from the fact that the in the calculation for cluster
variety there is a preferred choice of basis in each chamber while the calculation in Floer theory uses a fixed
basis (up to parallel transport). However, thanks to (19), the two calculations thus coincide.
5.1 Construction of Family Floer Mirror of XII
From the construction of the family Floer mirror in the last section and Example 4.11, we learn that








Let Uk be the chamber bounded by lγk and lγk+1 in B0, i = 1, · · · , 4 and U5 be the chamber bounded by
lγ5 and lγ1 . Thus there are only 5 chambers. Recall that the dotted line represents a branch cut between
lγ1 and lγ5 . With such branch cut and monodromy, we trivialized the local system H2(X,Lu) over the
complement of the branch cut. It is easy to check that Mγi = γi+1.































which give another set of symplectic/complex affine coordinates.
From the discussion of the hyperKähler rotation in Section 3, we view B as a projective line after
hyperKähler rotation. We have xk − ix̌k is a (multi-valued) holomorphic function with respect to the above
complex structure on B. Notice that xk > 0 and x̌k = 0 along lγk . From Remark 4.5, after choosing a
suitable complex coordinate u on B such that lγi is the locus where Argz = 0, one have
xk − ix̌k = cku
a
6 , k = 1, . . . , 5, (25)
for some constant a ∈ Z, ck ∈ C∗. With more analysis, we have the following lemma
Lemma 5.7. With suitable choice of coordinate u on B0 ∼= C∗, we have





In particular, the angle between lγk and lγk+1 is
2π
5 with respect to the conformal structure after hyperKähler
rotation 5.
Proof. We will first assume that u is normalized that x1 − ix̌1 = u
a
6 . Recall that Zγk := xk − ix̌k. From the





Now It suffices to show that a = 5 or show that Zγi(u) = O(|u
5
6 |). This can be seen by direct computation.

















5Notice that there is no well-defined notion of angle with only an affine structure on B0.
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= O(|u|− 16 ) and the lemma follows. The last
part of the lemma comes from the fact that Zγk+1(u) ∈ R+ when u ∈ lγk+1 .
Next, we compare the affine structure from the SYZ fibration with the one from Gross-Hacking-Keel (see
Section 2.1).
Lemma 5.8. The complex affine structure on B0 coincides with the affine manifold BGHK with singularity
constructed from del Pezzo surface of degree five relative to a cycle of five rational curves in [19].
Proof. From Lemma 5.7, one has
lγ1 = {y̌ = 0, x̌ > 0}
lγ2 = {x̌ = 0, y̌ > 0}. (27)
Therefore, we may identify lγ1 , lγ2 with R>0(1, 0),R>0(0, 1) respectively. Then (−1, 1), (−1, 0), (0,−1) are
the tangents of lγ3 , lγ4 , lγ5 respectively by Lemma 5.7 and the relation −Zγi + Zγi+1 = Zγi+2 which is the
analogue of (1). Notice that monodromy around the singularity acting on the coordinates
x̌ 7→ x̌+ y̌
y̌ 7→ −x̌. (28)






particular, the monodromy glues U5 with U6 and thus identifies the base of the special Lagrangian fibration
(with the complex affine structure) with BGHK.
•









Figure 5: Illustration for the notations in the beginning of Section 5.1.
Notice that a priori lγi is only an affine line with respect to the complex affine coordinates. To compute
the family Floer mirror, we need to have a better control of the BPS rays in terms of the symplectic affine
structure. The following observation comes from (25) directly.
Lemma 5.9. Any ray with a constant phase is affine with respect to the symplectic affine structure. In
particular, lγi is an affine line with respect to the symplectic affine structure.
Proof. Any such ray can be parametrized by z = Ct for some complex number C. From (25), the symplectic








5 , for some C ′k, C
′′
k ∈ R and the lemma
follows. In other words, such ray is given by the affine line C ′′kxk = C
′
kyk with respect to the symplectic
affine coordinates (xk, yk).
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By using the symplectic affine coordinates, we can identify the Ui with a subset of standard affine plane
R2i as affine manifolds, which we will abuse the notation and denote it by Ui. Let
Tropi : (Ganm )2i → R2i
be the standard valuation map. Here we put an subindex i for each analytic tori and later it would correspond
to the five different tori. Let U ′i be the (slightly bigger) open neighborhood containing Ui and recall that the
family Floer mirror is defined to be Trop−1i (U
′







i)/ ∼ (Ganm )2
Trop−1i (Ui)
⊇ ⊆




Notice that Trop−1i (Ui) only occupies a small portion of (Ganm )2. Thus we need to extend αi to most part of
(Ganm )2i . For the simplicity of the notation, we will still denote those extension of αi be the same notation.
Let Vi, Vi+1 be some small enough rational domains on B0 such that Vi ⊆ U ′i , Vi+1 ⊆ U ′i+1 and the
Fukaya’s trick applies. Let p ∈ Vi ∩ Vi+1 be the reference point and one has
(Ganm )2i ⊇ Trop
−1
i (Vi) ⊇ Trop
−1
i (Vi ∩ Vi+1)
Φi,i+1−−−−→ Trop−1i+1(Vi ∩ Vi+1) ⊆ Trop
−1
i+1(Vi+1) ⊆ (Ganm )2i+1,
where Φi,i+1 = α
−1
i+1 ◦ αi is given by
Φi,i+1 : z
∂γ 7→ z∂γ(1 + Tω(γi+1)z∂γi)〈γ,γi+1〉
from Definition 4.3 and Theorem 5.1. From (19), we have 〈γi+1, γi〉 = 1. Denote zγi := Tω(γi)z∂γi , then
Φi,i+1 is simply the polynomial map
zγi 7→ zγi(1 + zγi+1)−1
zγi+1 7→ zγi+1 . (29)






Thus, we have val(zγi) = 2xi. Since near lγi+1 one has ω(γi+1) > 0, one has
val(zγ) = val(zγ(1 + zγi)−1). (31)
Thus, the following commutative diagram holds,
Trop−1i (Vi) ⊇ Trop
−1
i (Vi ∩ Vi+1) Trop
−1
i+1(Vi ∩ Vi+1) ⊆ Trop
−1
i+1(Vi+1)




We may view (Λ∗)2 as the Λ-points of the scheme (Gm)2 = SpecΛ[z±γi , z±γi+1 ]. Then we have the commu-
tative diagram from GAGA functor





Under the identification (Λ∗)2 ∼= (Ganm )2, Φi,i+1 is simply the restriction of the map (Ganm )2 → (Ganm )2 with
the same equation as in (29). Therefore, we have the same commutative diagram as in (32) with Vi, Vi+1
replaced by U+i , Ui+1 for any open subset U
+
i ⊆ R2 such that ω(γi+1) > 0 on U
+
i , which we will choose it
explicitly later.
To see the largest possible extension U+i and thus largest possible extension of the above diagram, we
would want to know explicitly where ω(γi+1) > 0. Viewing B ∼= C, we may take U+i as the interior of
the sector bounded by lγi and the ray by rotating
3π
5 counter-clockwisely from lγi+1 and this is the largest
possible region (extending Ui counter-clockwisely) such that ω(γi+1) > 0 holds. Therefore, one can extend
the inclusion αi : Trop
−1















) = val(zγi )− val(1 + z
γi+1) = val(zγi)− val(zγi+1) (34)
outside of U+i , which is no longer val(z
γi) on the right hand side as in (31). Now for Vi disjoint from U
+
i
and Vi+1 ⊆ Ui+2 ⊆ U+i+1, the diagram becomes
Trop−1i (Vi) ⊇ Trop
−1
i (Vi ∩ Vi+1) \ {1 + zγi+1 = 0} (Gan)2






where from (34), we have
φi,i+1 : xi 7→ xi − yi
yi 7→ yi. (36)
Notice that Φi,i+1 is only defined when 1 + z
γi+1 6= 0.














Proof. The left boundary of U+i is characterized by xi+1 = 0, yi+1 > 0 and the left boundary of U
+
i+1 is
characterized by xi+1 < 0, yi+1 = 0. Therefore, we may identify the region bounded by the above two affine
lines with the third quadrant of R2xi+1,yi+1 as affine manifolds. Notice that this is a subset of U
+
i+1. Under
such identification, we have Ui+2 \ U+i is the region bounded by xi+1 + yi+1 = 0 and yi+1-axis in the third
quadrant by Lemma 5.9. In terms of (xi+1, yi+1), (36) becomes
φi,i+1 : xi+1 7→ xi+1
yi+1 7→ xi+1 + yi+1,
from the relation γi + γi+2 = γi+1. The lemma then follows from direct computation.








Trop−1i (Ui ∪ Ui+1 ∪ Ui+2) \ {1 + zγi+1 = 0}
)
⊆ X̌. (37)
Here we use U to denote the interior of the compactification of U .
Lemma 5.11. The inclusion (37) extends over {1 + zγi+1 = 0} \ Trop−1i (0).
Proof. Let Wi be small neighborhood of (a component of ) ∂U
+
i such that {1 + zγi+1 = 0} ⊆ Trop
−1
i (Wi).



























From the earlier discussion, we have
αi
(


















Recall that Φi,j = α
−1
j ◦ αi. It suffices to check that



















Since 〈γ, γi+2〉 > 0 and 〈γ, γi+1〉 > 0 over Ui+2. We have Φi,i+2 is not defined only on
B = {1 + zγi+2 = 0} ∪ {1 + zγi+1 + zγi+2 = 0}.
Therefore, we have αi can be extended over Trop
−1
i (Wi) \B. Similarly, Φi,i+3 is defined except
C = {1 + zγi+3 = 0} ∪ {1 + zγi+2 + zγi+3 = 0} ∪ {1 + zγi+1 + zγi+2 + zγi+3 = 0}.
Therefore, αi can be extended over Trop
−1
i (Wi) \ C. It is easy to check that A ∩B ∩ C = {zγi+1 = zγi+2 =
−1} ⊆ Trop−1(0). Since Φi,j = α−1j ◦αi and thus the extension is compatible. Now the lemma is proved.
For the same reason, one can extend the inclusion in the clockwise direction
αi
(
Trop−1i (Ui ∪ Ui−1 ∪ Ui−2)
)
⊆ X̌. (41)












2 \ {0})→ X̌.
Finally we claim that αi is an embedding restricting on Trop
−1(U) for small enough open subset U ⊆ R2.
On the other hand, αi is fibre-preserving with respect to Tropi : (Ganm )2 → R2 and Trop : X̌ → B and the
induced map on the base is piecewise-linear. Direct computation shows that induced map on the base is
injective. Therefore, αi is an embedding. Therefore X̌ has a partial compactification
⋃5
i=1(Ganm )2i / ∼, with
the identification Φi,j : (Ganm )2i → (Ganm )2j .
In next section, we will show that the later has a compactification to the analytification of the del Pezzo
surface of degree five by adding a cycle of five rational curves via ring of theta functions following [19].
Remark 5.12. One would naturally expect that the family Floer mirror of the hyperKähler rotation of X ′t
still compactifies to the del Pezzo surface of degree five. In this case, one there is only two families of
holomorphic discs in each of the singularities and one can glue the local model in [27, Section 8] and get
a partial compactification of the family Floer mirror. The author will compare it with the Gross-Siebert
construction of the mirror in the future work.
Remark 5.13. Shen-Zaslow-Zhou uses the homological mirror symmetry for the A2 cluster variety with an
canonical equivariant Z5 action [37]
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5.2 Comparison with GHK Mirror of dP5
Let Y be the del Pezzo surface of degree five and D be the anti-conical divisor consists of wheel of five
rational curves. Here we will explain the comparison of the family Floer mirror of XII with the GHK mirror
of (Y,D). Recall that in Lemma 5.8, we identify the integral affine structures on B0 and BGHK. Moreover,
the BPS rays naturally divide B0 into cones which is exactly the cone decomposition of BGHK. The canonical
scattering diagram in this case is computed in [19, Example 3.7] and all the A1- curves are shown in Figure
8.
Lemma 5.14. There exists a homeomorphism XII ∼= Y \D.
Proof. From the explicit equation in Section 3, a deformation of XII has two singular fibres of type I1 and
the vanishing cycles has intersection number 1. On the other hand, [4, Example 3.1.2] provides the local
model of Lagrangian fibration near the blow-up of a point on the surface. Since Y can be realized as the blow
up of two non-toric boundary point on del Pezzo surface of degree 7, One can topologically glue the pull-back
of the moment map torus fibration with the local Lagrangian fibration to get a torus fibration on Y \D with
two nodal fibres such that the vanishing cycles has intersection 1. This gives the homeomorphism between
XII and Y \D topologically and the identification of the class of tori among H2(XII ,Z) ∼= H2(Y \D,Z). In
particular, we can use Y as an auxiliary topological compactification of XII .
We will take P = NE(Y ) in the Gross-Hacking-Keel construction. We have P gpR
∼= Pic(Y )∗ ∼= H2(Y,Z),
where the first isomorphism comes from Poincare duality and Y is projective while the second isomorphism
comes from H1,0(Y ) = H2,0(Y ) = 0 . The rank two lattice H1(Lu,Z) glues to a local system of lattice over
B0 and naturally identified with ΛB0 by Remark 3.2. Then we have the commutative diagram except the
middle map. Here H2(Y,Z) denotes the constant sheaf with fibre H2(Y,Z) over B0.
0 // P gpR
// P r // ΛB0 // 0














To construct the middle map Ψ, recall that the pair (Y,D) is modeled by (C2xi,yi , {xiyi = 0}) near a node
Di ∩ Di+1. The torus fibre in Y \ D is isotopic to L = {|xi| = |yi| = 1}. It is easy to see that L bounds
two family of holomorphic discs {|xi| ≤ 1, yi = const} and {xi = const, |yi| ≤ 1. Denote βi ∈ H2(Y,L) be
relative class of the discs intersecting Di. Over the simply connected subset Ui ⊆ B0, both of the short
exact sequence in (43) splits (non-canonically) and we define the middle map by Ψ(βi) = φρi(vi). From
Remark 3.2, the right hand side square commutes and ∂βi (up to parallel transport) generate H1(Lu,Z).
Therefore, the five lemma implies Ψ is an isomorphism over Ui and the two short exact sequences in (43)
over Ui are identified. To see that the middle map is independent of i, one has the following observation:
We may choose u to be in a neighborhood of Di, which is diffeomorphic to NDi/Y
∼= OP1(D2i ). Use the
relation xi+1 = y
−1
i , yi+1 = xiy
−D2i
i , one has ∂βi−1 + D
2
i ∂βi + ∂βi+1 = 0, which is the analogue of (1). To
see lifting the relation (1) in
⋃
u∈B0 H2(Y, Lu), notice that the 2-chains realizing βi−1, βi+1, D
2
i βi with the
same boundary condition Q ∈ B0 glue to a 2-cycle from (1) up to a multiple of fibres, which is contractible
in Y . As the boundary condition u moves towards Di, the resulting 2-cycle is homotopic to Di (see Figure
44). Therefore, this implies that
βi−1 +D
2
i βi + βi+1 = [Di], (44)










Figure 6: Illustration for (44).
Therefore, the middle map is well-defined from (44) and the middle map is an isomorphism by the five
lemma. Notice that βi + γi represents a 2-chain, which defines a 2-cycle up to a multiple of the fibre. Since
the fibre is contractible in Y , thus we may view βi + γi as a 2-cycle in H2(Y,Z). Notice that [Ei] is the
unique class with intersections [Ei].[Dj ] = δij , we have z




Figure 7: The class [Ei] decomposes into sum of γi and βi
In particular, the transformation Φi,i+1 coincides with (5). This will leads to the identification of X̌ and
the GHK mirror of (Y,D) as gluing to tori. Notice that the Gross-Hacking-Keel mirror of (Y,D) comes
with a family over SpecC[NE(Y )]. We will have to determine which particular point in SpecC[NE(Y )] the
family Floer mirror X̌ corresponds to. Notice that the monodromy sends γi to γi+1. This implies that X̌
corresponds to the point such that the value of z[Ei] all coincides. From the explicit relation of curve classes
[Ei], X̌ corresponds to the point where z
[Di] = z[Ei] = 1.
Indeed, one can see this via the identification X̌ with in the subset of the analyticiation of del Pezzo
surface of degree 5. We will see in the next section (Section 5.3) that this is the cluster variety of type
A2. Recall that the Gross-Hacking-Keel mirror is determined by the algebraic equations (45) from the theta




Comparing with (6) (and later (45)), we see that the family Floer mirror X̌ corresponds to the fibre with
z[Di] = z[Ei] = 1.
To conclude Section 5.1, Section 5.3 and Section 5.2, we have
Theorem 5.15. The analytification of X -cluster variety of type A2 or the Gross-Hacking-Keel mirror of
(Y,D) is a partial compactification of the family Floer mirror of XII .
5.3 Comparison with A2-Cluster Variety
In this section, we will prove that the family Floer mirror constructed in Section 5.1 is simply the X -cluster
variety of type A2. The X -cluster algebra of type A2 are defined in Section 2.1 with d1 = d2 = 1. The
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Ey
Ex H − Ex
H − Ey
H − Ex − Ey
Figure 8: The canonical scattering diagram and the A1-curves in del Pezzo surfaces of degree 5.
following observation helps to link the scattering diagram in Theorem 5.1 and X the scattering diagram of
type A2.
The operation we are going to have can be viewed as a symplectic analogue of “pushing singularities to
infinity” in [19]. Recall that if one has a special Lagrangian fibration with a focus-focus singularity at u0
and Lefschetz thimble γ. Then there exist two affine rays l±γ emanating from u0 on the base, parametrizing
special Lagrangian fibres bounding holomorphic discs in classes ±γ. Then l±γ divide a neighborhood of u0
into two chambers U±, where U± is characterized by
∫
±γ ImΩ > 0. The corresponding wall-crossing across
l±γ from U− to U+ is K±γ and the monodromy around u0 is given by M in Claim 5.5. We make a branch cut
from u0 to infinity and the parallel transport should changed by M when crossing the branch cut. Notice
that the three transformations K±γ and M commute. If we choose the cut coincides with l−γ , then the
transformation crossing l−γ from U− to U+ is Kγ , coincides with the transformation crossing lγ from U− to
U+. Similarly, if we choose the cut coincides with lγ , then the transformation crossing lγ from U+ to U− is
K−γ , coincides with the transformation crossing l−γ from U+ to U−.
To sum up, choosing the branch cut coinciding with l−γ makes the transformation across l±γ from U−
to U+ both equal to Kγ , as if the singularity u0 is moved to infinity along l−γ . Similarly, if we choose the
branch cut coincides with lγ , then the transformation from U− to U+ is K−γ as if the singularity is moved
to infinity along lγ .
Now back to the scattering diagram in Theorem 5.1. We can express the underlying integral affine
structure on B0 in a different way by choosing different branch cuts. First we decompose M = M1M2, where




2. Choose the branch cut to be
lγ1 (and lγ5) with the corresponding identifications to be M1 (and M2 respectively) as in Figure 9. Then
from the previous discussion in this section and the same argument in Section 5.1, the family mirror is thus








Figure 9: The different choice of branch cuts for XII .
Note that one can similarly define theta function in the analytic situation. Since we are working with
finite type, we can express theta functions in different torus charts by path ordered products. The functions
are well defined since the scattering diagram is consistent (see Lemma 5.3). Further note that, in the finite
case, we can replicate (6) to define multiplications between theta functions without broken lines 6. Standard
and straight-forward calculation shows that
ϑvi−1 · ϑvi+1 = 1 + ϑvi , (45)
where vi denotes the primitive generator of lγi i ∈ {1, . . . , 5} ordered cyclically. We can see it agrees with
the exchange relations as in Section 2.1. This gives a natural embedding of X̌C into P5 after suitable
homogenization of (45) thus compactified to a del Pezzo surface of degree five.
6 Family Floer Mirror of XIII
In this section, we will consider the case when Y ′ = Y ′III be a rational elliptic surface with singular config-
uration III∗III, D′ is the type III∗ fibre. We claim that the family Floer mirror of X = XIII is then the
del Pezzo surface of degree 6. The argument is similar to that in Section 5.
First of all, such Y ′ has the explicit affine equation
y2 = x4 + u.
It is easy to see that the fibre over u = 0 is a singular fibre of type III, while the fibre at infinity is of type
III∗. There is a natural deformation Y ′t be the minimal resolution of the surface
{z2y2 = x4 + 4t2x2z2 + uz4} ⊆ P2(x:y:z) × P
1
(s:u)
such that there are two singular fibres of type I1, I2 with near u = 0, |t|  1. With vanishing thimbles γ′1
and γ′2, γ
′
3. By Theorem 4.6, we have the analogue of Theorem 5.1.




3 ∈ H2(X,Lu) ∼= Z3 such that 〈γ′1, γ′2〉 = 〈γ′1, γ′3〉 = 1,
〈γ′2, γ′3〉 = 0 and Zγ′2 = Zγ′3 . Moreover, if we set
γ1 = −γ′1, γ2 = γ′2, γ3 = γ′1 + γ′2 + γ′3, γ4 = γ′1 + γ′2, γ5 = γ′1, γ6 = −γ′3.
Then
1. fγ(u) 6= 1 if and only if u ∈ lγi and γ = γi for some i ∈ {1, · · · , 6} .
2. In such cases,
fγi =
{
1 + Tω(γi)z∂γi if i odd,
(1 + Tω(γi)z∂γi)2 if i even.
6In general, the products of theta functions can be expressed as the linear combination of theta functions [19,21], which the
coefficients can be computed via broken lines.
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3. If we choose the branch cut between lγ1 and lγ6 , then the counter-clockwise mondoromy M across the
branch cut is given by
γ′1 7→ −(γ′1 + γ′2 + γ′3)
γ′2 7→ γ′1 + γ′2
γ′3 7→ γ′1 + γ′3. (46)
Notice that from the condition Zγ′2 = Zγ′3 , we have lγ′2 = lγ′3 and lγ′1+γ′2 = lγ′1+γ′3 . Then we compute the
central charges Zγi , which is parallel to Lemma 5.7. Taking the branch cut between lγ1 and lγ6 , we would



















Figure 10: BPS rays near the singular fibre in XIII .












4 if k even.
(47)
In particular, the angle between lγk and lγk+1 is
π
3 . See how the BPS rays position as demonstrated in Figure
10.
Proof. Straight-forward calculation shows that Zγk(u) = O(|u|
3
4 ). Normalize the coordinate u such that
Zγ1(u) = u
3
4 . Notice that Mγk = γk+2, the case for k being odd follows immediately. Similarly, when k is
even, Zγk(u) = ce
πi(k−2) 34u
3
4 , for some c ∈ C. With Zγ2 + Zγ4 = Zγ3 we gets c = 1−i2 .
We will take Ui be the sector bounded by lγi and lγi+1 . Let X̌ to be the family Floer mirror constructed
by Tu [39]. Again we denote the embedding αi : Trop
−1
i (Ui) → X̌. From Lemma 6.2, xi > 0 on a sector
symmetric with respect to lγi and angle
2π












. Finally, αi extends over
lγi+4 from the following analogue of Lemma 5.3. The proof is similar and we will omit the proof.
Lemma 6.3. The composition of the wall-crossing transformations cancel out the monodromy. Explicitly,
Kγ6Kγ5Kγ4Kγ3Kγ2Kγ1(zγ) = zM
−1γ .
Similar to the argument of Section 5.3, we may change the branch cut in Figure 10 into two, as in Figure
11. The explicit gluing functions of B2-cluster variety can be found in [5, p.54 Figure 4.1]. Then the family
Floer mirror X̌ can be partially compactified to gluing of six tori (up to GAGA) with the gluing function
same as the X cluster variety of type B2. One can compute the product of the theta functions via broken
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lines and obtain
ϑv1ϑv3 = 1 + ϑv2 ,
ϑv2ϑv4 = (1 + ϑv3)
2,
ϑv3ϑv5 = 1 + ϑv4 ,
ϑv4ϑv6 = (1 + ϑv5)
2,
ϑv5ϑv1 = 1 + ϑv6 ,
ϑv6ϑv2 = (1 + ϑv1)
2, (48)
where vi denotes the primitive generator of lγi for i ∈ {1, . . . , 6} ordered cyclically. By [6], Cheung and










Figure 11: The choice of a different branch cut for XIII .
To compare with the mirror constructed by Gross-Hacking-Keel, we take the corresponding log Calabi-
Yau pair (Y,D) with Y the del Pezzo surface of degree six. Since all del Pezzo surfaces of degree 6 are
isomorphic, we will identify it with the blow up of P2 at three points, two non-toric points on y-axis and
one non-toric point on x-axis. The anti-canonical divisor D is the proper transform of the x, y, z-axis of P2.
Denote H be the pull-back of the hyperplane class, E1, (and E2, E3) be the exceptional divisor of the blow
up on x-axis (and y-axis).
Lemma 6.4. There is an isomorphism of affine manifolds BGHK ∼= B.
Proof. From [19, Lemma 1.6], toric blow-ups corresponds to the refinement of cone decomposition but not
change the integral affine structure. We will find a successive toric blow-ups of (Ỹ , D̃) → (Y,D) such
that not only the corresponding integral affine structure with singularity coincides with B but also its cone
decomposition coincide with the chamber structure bounded by the BPS rays. Such Ỹ is the ordered blow
up the intersection point of the x, z-axis, the proper transform of the z-axis and the exceptional divisor,
the proper transform of y, x-axis. Then we take D̃ to be the pull-back of the x, y, z-axis. If we take the
proper transform of y-axis as D̃1 and number the boundary divisors in counter-clockwise order, then we have
D̃2i = −1 if i odd and D̃2i = −2 if i even.
Use (6.2), we have
lγ1 ={x̌ > 0, y̌ = 0}
lγ2 ={y̌ > 0, x̌ = 0}.
and we will identify lγ1 = R>0(1, 0) and lγ2 = R>0(0, 1) and the rest of the proof is similar to that in Lemma
5.8.
Same argument of Lemma 5.14, we have a homeomorphism between XIII ∼= Y \ D ∼= Ỹ \ D̃ and Ỹ
provides a compactification of XIII . For the later discussion, we will replace (Y,D) by (Ỹ , D̃) for the rest
of the section (see Remark 2.1). Similarly, we have the identification of the short exact sequence (43).
Next we need to compute the canonical scattering diagram for (Y,D). Let Di be the components of D
with Di are exceptional curves when i even.
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Lemma 6.5. Under the identification of integral affine structures with singularities B ∼= BGHK, the canon-
ical scattering diagram of Gross-Hacking-Keel coincides with the scattering diagram in Theorem 6.1 via
identification z[Ci]−φρi (vi) = zγi (or z[C
j
i ]−φρi (vi) = zγi) for i is odd (or even).
Proof. We will first compute all the A1-curves of (Y,D), which is standard and we just include it for self-
completeness. Any irreducible curves, in particular the irreducible A1 curves in (Y,D) are either exceptional
curves of blow-up from P2 or proper transform of a curve C ⊆ P2. All the three exceptional curves are
A1-curves intersecting Di for i odd. If C is of degree one and its proper transform is an A1-curve, then it
either
1. passes through two of the blow up points and its proper transform intersect D̃i for i odd. There are
three such lines.
2. passes through one blow up point and one intersection of toric 1-stratum. There are three such lines
and intersect D̃i for i even.
There are no higher degree curves with proper transform are A1-curves and we draw the canonical scattering
diagram and the corresponding A1-curves in Figure 12.
Since D ∈ | − KY | is ample, there is no holomorphic curves contained in Y \ D. In particular, all the
simple A1-curves are irreducible and all the possible A1-curves are the multiple covers of the above ones. The
contribution of multiple covers of degree d is (−1)d−1/d2 by [18, Proposition 6.1]. Then the lemma follows
from the definition of the canonical scattering diagram [19, Definition 3.3]. Then the function attached to
the ray ρi is
fi =
{
(1 + z[Ci]−φρi (vi)), if i is odd,∏2
j=1(1 + z




i are the A1-curve classes corresponding to lγi in Figure 12. The assumption Zγ2 = Zγ3 implies
that zE2] = z[E3]. Notice that the monodromy of the only singular fibre shifts γi to γi+2. This implies that
one would also need to identify
z[E1] = z[H−Ei] = z[2H−E1−E2−E3]
z[Ei] = z[H−Ei] = z[H−E1−Ei], i = 2, 3.
Equivalently, this corresponds to
z[Di] = z[Ci] = z[C
j
i ] = 1.
E1
Ei, i = 2, 3
H − Ei,
i = 2, 3
H − E1 H − E1 − Ei, i = 2, 3







Figure 12: The canonical scattering diagram and the A1-curves in del Pezzo surfaces of degree 6.
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The GHK mirror can be computed via the spectrum of the algebra generated by theta functions. The

















Again compare it with the analogue relations (48) from X -cluster algebra of type B2, we conclude that
the family Floer mirror X̌ corresponds to the particular fibre of the GHK mirror characterized by
z[Di] = z[Ci] = z[C
j
i ] = 1.
To sum up, we conclude the section with the following theorem.
Theorem 6.6. The family Floer mirror of XIII has a partial compactification as the analytification of the
B2-cluster variety or the Gross-Hacking-Keel mirror of suitable pair (Y,D). In particular, the family Floer
mirror of XIII can be compactified as the analytification of a del Pezzo surface of degree 6.
7 Family Floer Mirror of XIV
In this section, we will consider the case when Y ′ be a rational elliptic surface with singular configuration
IV ∗IV and D′ is the type IV ∗ fibre. We claim that the family Floer mirror of X is then the del Pezzo
surface of degree 4. The argument is also similar to that in Section 5. Such rational elliptic surface Y ′ has
Weiestrass model
y2 = x3 + t2s4. (50)






4 ∈ H2(X,Lu) ∼= Z4 such that 〈γ′1, γ′i〉 = 1,
〈γ′i, γ′j〉 = 0 and Zγ′i = Zγ′j , for i, j ∈ {2, 3, 4}. Moreover, if we set













2, γ7 = γ
′
1, γ8 = −γ′4.
Then
1. fγ(u) 6= 1 if and only if u ∈ lγi and γ = γi for some i ∈ {1, · · · , 8} .
2. In such cases,
fγi =
{
1 + Tω(γi)z∂γi if i odd,
(1 + Tω(γi)z∂γi)3 if i even.
3. If we choose the branch cut between lγ1 and lγ8 , then the counter-clockwise mondoromy M across the
branch cut is given by
γ′1 7→ −(γ′1 + γ′2 + γ′3 + γ′4)
γ′2 7→ γ′1 + γ′2
γ′3 7→ γ′1 + γ′3 (51)
γ′4 7→ γ′1 + γ′4. (52)
















3 if k even.
(53)
In particular, the angle between lγi and lγi+1 is
π









































Figure 13: BPS rays near the singular fibre in XIV . Note in Theorem 7.1, we have Zγ′i = Zγ′j , for i, j ∈
{2, 3, 4}.
Proof. One can check that Zγ(u) = O(|u|
2
3 ) and let Zγk(u) = cku
2
3 . Using the relations between γi and
straight-forward calculation show that





6 , c3 = e
−πi3 , c4 = −
i√
3
after suitable normalization of the coordinate u. Then use the relation Mγi = γi+4 to determines the rest of
ck.
With the data above, the similar argument in Section 5.1 shows that the family Floer mirror of XIV is
gluing of eight copies of Trop(R2 \ {0}) ⊆ (Ganm )2 , with the gluing functions in Theorem 7.1. Similar to the







































Figure 14: A choice of a different branch cut for XIV
The scattering diagram of cluster type G2 can be found in [21, Figure 1.2]. One can show that the corre-
sponding gluing functions of the X case are the same as those in Theorem 7.1 under suitable identification.
Then the family Floer mirror of XIV can be partially compactified to gluing of eight tori (up to GAGA)
with the gluing functions same as the X -cluster variety of type G2.
Next we will construct a log Calabi-Yau pair (Y,D) such that the corresponding Gross-Hack-Keel mirror
corresponds to the family Floer mirror of XIV . We will take
1. Y to be the blow up of P2 at 4 points, three of them are the non-toric points on y-axis and one non-toric
point on x-axis.
2. D is the proper transform of x, y, z-coordinate axis.
Let Ỹ be the successive toric blow up of (Y,D) at the intersection of x, z-axis, the proper transform of z-axis
and the exceptional divisor, the two nodes on the last exceptional divisor and then the proper transform
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of y, z-axis in order. Then take D̃ to be the proper transform of D. Denote H to be the pull-back of the
hyperplane class on P2, E1 (and E2, E3, E4) to be the exceptional divisor of the blow up on the non-toric
point on the x-axis (and y-axis).
Similar to the argument Section 5.2 we have the following lemma.
Lemma 7.3. The complex affine structure on B0 together with lγi is isomorphic to the integral affine
manifold BGHK of (Ỹ , D̃). Moreover, the BPS rays lγi give the correoding cone decomposition on BGHK
from (Ỹ , D̃), the wall function with restriction z[Di] = z[Ei] = 1 and the identification d coincide with the
functions in Theorem 7.1
We then can compute the canonical scattering diagram for (Y,D). Actually all the simple A1-curves
contributing to the scattering diagram are toric transverse in (Ỹ , D̃), which are depicted in Figure 15 below.
E1
Ei, i = 2, 3, 4
H − Ei,






H − E1 − Ei H − (
∑4
i=1Ei)
2H − E1 − Ei − Ej ,
3H − 2E1 − E2 − E3 − E4
{i, j} = {2, 3, 4}
Figure 15: The canonical scattering diagram and the A1-curves corresponding to XIV .
We conclude the section with the following theorem.
Theorem 7.4. The family Floer mirror of XIV has a partial compactification as the analytification of the
B2-cluster variety or the Gross-Hacking-Keel mirror of a suitable pair (Y,D).
8 Further Remarks
Here we consider the family Floer mirror of X without the geometry of its compactification. Following the
idea of the Gross-Hacking-Keel as summarized in Section 2.1, one would need to use the theta functions,
the tropicalization of the counting of Maslov index two discs, to construct a (partial) compactification of
the original mirror. Assuming that X = X∗ in the previous sections admit a compactification to a rational
surface with an anti-canonical cycle at infinity. Moreover, assume that the there is certain compatibility
between the compactification and the asymptotic of the metric behaviour. Then one can follow the similar
argument in the work of the second author [32] and prove that the counting of the Maslov index two discs
with Lagrangian fibre boundary conditions can be computed by the weighted count of broken lines. However,
the authors are unaware of such asymptotic estimates of the metrics in the literature.
One can further construct the pair (Y,D) such that the corresponding monodromy is conjugate to the
monodromy of the type IV ∗, III∗, II∗, I∗0 . For instance, the case of I
∗
0 can be realized by a cubic surface
with anti-canonical cycle consisting of three (−1)-curves [22]. The authors would expect that the family
Floer mirror of X = Y \ D coincides with a particular fibre in the mirror family constructed by Gross-
Hacking-Keel. Moreover, the families of Maslov index zero discs emanating from the singular fibres in X are
one-to-one corresponding to the A1-curves of the pair (Y,D). This may help to understand the Floer theory
of more singular Lagrangians. In this case, the wall functions are algebraic functions and the GAGA can
still apply. Although the walls are dense, it is likely the mirror can be covered by finitely many tori up to
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some codimension two locus. In general, the wall functions may not be algebraic a priori and GAGA may
not apply directly. The authors will leave it for the future work.
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